Gravitational scattering events, in which the path of an interstellar object is deflected by a pulsar or the solar system, give rise to reflex motion which can potentially be detected using pulsar timing. We determine the form of the timing signal expected from a gravitational scattering event, which is ramp-like and resembles the signal produced by a glitch or a gravitational wave burst with memory (BWM), and investigate the prospects for detecting such a signal using a pulsar timing array. The level of timing precision currently achieved for some millisecond pulsars makes it possible to detect objects as small as 10 −10 M , less than the mass of the dwarf planet Ceres, at impact parameters as large as 1 au. The signals produced by gravitational scattering could provide independent constraints on models of dark matter involving asteroid-mass objects or subhalos, and should be considered as potential false positives in searches for BWMs.
INTRODUCTION
If a compact astrophysical object were to pass near enough to a pulsar or to the solar system to interact gravitationally, it would slightly alter the motion of the pulsar relative to the solar system barycenter, potentially producing a detectable effect on the pulse times of arrival (TOAs). The North American Nanohertz Observatory for Gravitational Waves (NANOGrav; Arzoumanian et al. 2018a ) and other pulsar timing arrays (PTAs; Desvignes et al. 2016; Hobbs 2013 ) have collected hundreds of pulsar-years of high-precision (submicrosecond) pulsar timing data as part of their efforts to detect gravitational waves. The qualities of PTAs that make them well suited for detecting gravitational waves -namely, the precision of arrival time measurements and the long spans of time over which they may be collected -also make them highly sensitive to perturbations of this type.
An interstellar object (ISO) gives rise to a gravitational scattering signal in pulsar timing data if it passes close enough to a pulsar or to the solar system. One important category of ISOs consists of free-floating planets and smaller asteroid-and comet-like bodies. Almost certainly, a large number of these bodies exist in interstellar space, since the planet formation process is thought to result in the ejection of large numbers of rocky bodies, ranging in size from planetesimals to fully-formed planets (Charnoz & Morbidelli 2003) . Some such bodies have even been directly observed: In particular, the as-teroid 1I/'Oumuamua (Meech et al. 2017 ) and the comet 2I/Borisov (Guzik et al. 2019 ) have both been identified as interstellar in origin. To produce a detectable timing signal, an asteroid-like ISO would have to be a few hundred kilometers in diameter and pass within a few au of a pulsar. This is significantly larger than either 'Oumuamua or Borisov, but smaller than the largest objects in the asteroid belt.
Some theories of dark matter predict that at least a fraction of it is composed of massive ISOs, such as primordial black holes (PBHs) or subhalos. As a result, several searches for ISOs have been carried out with the goal of understanding the nature of dark matter. For the most part, these have involved microlensing surveys, which are sensitive to any object with mass along the line of sight to a star. The pioneering MA-CHO (Alcock et al. 2001) , EROS (Tisserand et al. 2007) , and OGLE (Wyrzykowski et al. 2011 ) surveys largely ruled out the possibility that the majority of dark matter could consist of objects between 10 −8 and 100 M , but did not significantly constrain objects smaller than 10 −8 M (approximately 20 times the mass of Ceres). Subsequently, attention has focused on primordial black holes with masses between 10 −11 and 10 −8 M as dark matter candidates (Carr et al. 2016) . The strongest limits on PBHs and other relatively compact objects in this mass range come from a recent microlensing survey of the Andromeda galaxy using the Hyper Suprime Cam (HSC) on the 8.2-meter Subaru telescope (Niikura et al. arXiv:1910.08608v1 [astro-ph.HE] 18 Oct 2019 2019). The implications of these constraints for the expected event rate are discussed further in Section 6.
A PBH or similar dark matter constituent would interact with a pulsar in a manner indistinguishable from a baryonic ISO of equal mass. If they constituted a significant fraction of dark matter by mass, PBHs would also be much more numerous than baryonic ISOs of the same mass. Because of this, pulsar timing has been proposed as a means of detecting PBHs. Some proposals have focused on the Shapiro delay signal caused by objects along the line of sight to the pulsar (Siegel et al. 2007; Clark et al. 2016 ), but others (Seto & Cooray 2007; Kashiyama & Seto 2012; Kashiyama & Oguri 2018; Dror et al. 2019 ) have discussed the Doppler signal, which is more closely related to the timing signal described here.
Detectable encounters with ISOs are likely to be rare, but examining a large volume of data makes their observation more likely. In this respect, it is important to distinguish between encounters with a pulsar and encounters with the solar system. By analogy with the terminology used for gravitational wave signals, we call the former "pulsar-term" scattering events and the latter "earth-term" events. If many pulsars are observed, the two scenarios give complementary sensitivitiessince earth-term events affect all pulsars, it is possible to detect weaker events by cross-correlating the signals, but objects are more likely to pass near one of the pulsars in a PTA simply because there are more pulsars. This means that earth-term events are more detectable for large populations of very small objects, but pulsarterm events are more detectable for small populations of larger objects.
In what follows, we calculate the shape of the timing signal expected from a gravitational scattering event in detail, and use the results to assess the circumstances under which such events may be detectable. In Section 2, we discuss the factors which limit the precision of pulsar timing measurements. In Section 3, we derive the expected timing signal. In Section 4, we discuss the conditions under which pulsar-term events may be detected. Section 5 describes the corresponding conditions for earth-term events. In Section 6, we review methods of estimating the number density of potential perturbers in the galaxy, and speculate as to the frequency of detectable events. Finally, in Section 7, we summarize our results and draw conclusions.
PULSAR TIMING PRECISION
Contemporary pulsar timing methods rely on the fact that every pulsar has a characteristic average pulse shape which is stable on time scales of decades. Arrival times are determined by comparing observed pulse shapes with the template pulse shape using a Fourierdomain matched filtering algorithm (Taylor 1992) . Generally, averages with N 1 pulses are used, with typical values of N being between 10 5 and 10 6 .
The minimum uncertainty in estimating an arrival time comes from noise in the pulse profile measurement introduced by the receiver (radiometer noise). Computing TOAs using a matched filtering algorithm minimizes this contribution to the arrival time error for a given level of radiometer noise. In the absence of other sources of error, the uncertainty in arrival times computed using matched filtering is given by (Cordes 2013; Lam et al. 2016) :
Here P is the pulse period, S is the signal-to-noise ratio (SNR), N φ is the number of samples in pulse phase, and W eff is an effective pulse width, given by
where U (t) is the pulse shape (normalized to unit maximum).
In practice, TOA errors are larger than equation (1) would predict, because other effects contribute. These include pulse jitter from the motion of emission regions in pulsar magnetospheres; dispersion and scintillation, caused by propagation of the signal through the ionized interstellar medium; and spin noise, caused by interactions between the neutron star crust and its magnetosphere and superfluid interior. Of these, pulse jitter is uncorrelated in time, but scintillation, dispersion measure variations, and spin noise are generally correlated, producing gradual but random drifts in pulse times of arrival. Spin noise has a "red" power spectrum with most of the power concentrated at low frequencies. By contrast, radiometer and jitter noise have a "white" power spectrum, contributing approximately equal power at all frequencies.
Broadly speaking, pulsars can be divided into two categories: canonical pulsars (CPs), which are relatively young and tend to have periods of order one second and surface magnetic fields of order 10 12 gauss; and millisecond pulsars (MSPs), which are much older and are thought to have been spun up by accreting matter from a companion. MSPs have significantly shorter periods (a few milliseconds) and weaker magnetic fields (of order 10 8 gauss) than canonical pulsars. Additionally, MSPs spin down much more slowly and have lower levels of spin noise (by a factor of around 10 6 ) than CPs (Shannon & Cordes 2010; Lam et al. 2017; Parthasarathy et al. 2019) . In part because of their short periods, pulses from MSPs can also be localized more precisely (cf. equation 1). For these reasons, pulsar timing arrays, which require very high-precision timing, almost exclusively time MSPs.
For many MSPs, TOA precision significantly better than 1 µs is already routinely achieved. For example, 38 of the 45 pulsars included in the NANOGrav 11-year data set (Arzoumanian et al. 2018a ) had a median TOA uncertainty in L-band (1-2 GHz) observations which was below 1 µs, with the best-timed pulsar, PSR B1937+21, having a median uncertainty of a mere 12 ns. The overall median TOA uncertainty in the data set is 319 ns. A detailed breakdown of per-pulsar contributions to excess noise in a previous NANOGrav data release, the 9-year data set, is given by Lam et al. (2017) .
Because of its red spectrum, spin noise presents an additional challenge in searches for very low-frequency and quasi-static effects. While not all MSPs possess detectable levels of red spin noise, many do. We defer a full analysis of the effects of red spin noise on the detectability of scattering events to future work, but note that its effects are likely to be significant for events with large impact parameter, b, for which most of the signal power is concentrated at low frequencies (see Section 3 below).
The demands on timing precision for gravitational wave detection require attention to all processes that contribute more than ∼10 ns RMS to timing residuals. Shannon et al. (2013) considered the effects of asteroid belts around isolated MSPs and in particular determined that the nonstationary timing residuals for B1937+21 are not inconsistent with an asteroid belt interpretation.
TOA PERTURBATIONS
The detectable effect of a perturbing object on measured TOAs is a result of the reflex motion of the pulsar or the solar system barycenter. For concreteness, we assume the perturbing object passes near the pulsar, with the understanding that the roles of the pulsar and the solar system barycenter can be interchanged if the perturber passes through the solar system. We also treat the perturber as a point mass, and assume that general relativistic effects and non-gravitational forces (such as the Yarkovsky effect, e.g. Rubincam 1998) can be ignored. A potential complicating factor is the fact that many MSPs are found in binary systems with white dwarfs, with typical separations between 0.01 and 0.6 au. In this case, we are concerned with the reflex motion of the center of mass of the pulsar system. If the perturber comes closer than a few times the binary separation, three-body interactions, the effects of which are beyond the scope of this paper, may become important.
The position, r, of the perturber relative to the center of mass of the pulsar-perturber system follows a hyperbolic trajectory, parameterized as Roy 1988, Section 4.7) . Here b is the impact parameter, e is the eccentricity (e > 1 for a hyperbola), and H is the hyperbolic anomaly. The unit vectorx points from focus to periapse, andŷ is the unit vector perpendicular tox in the plane of motion, oriented such that x×ŷ is in the direction of the orbital angular momentum (see Fig. 1 ). The eccentricity, e, is related to the asymptotic velocity, v, of the perturber relative to the pulsar, by
where G is the universal gravitational constant and M is the total mass of the pulsar and the perturber. All the perturbers considered here have masses much less than 1 M , so, to a good approximation, M is equal to the mass of the pulsar (or, in the earth-term case, the Sun). The asymptotic velocity, v, appearing here is also called the hyperbolic excess velocity. The hyperbolic anomaly, H, is related to time, t, by the hyperbolic Kepler equation:
Here t 0 is the time of periapsis, at which H = 0. Importantly, as long as e > 1, t is an increasing function of H, and equation (5) may be inverted to give H as a function of t. The pulsar's position, x, relative to the solar system barycenter is given by
wherex (t) =x 0 +vt (7) is the unperturbed trajectory of the pulsar, which coincides with the trajectory of the pulsar-perturber center of mass when a perturber is present. Letting
be the perturbation to the pulsar's position, and using (3) for r, we find
Perturbations to the times of arrival of pulses are caused by changes in the length d = |x| of the path from the pulsar to the solar system barycenter. Let d 0 = |x 0 | be the path length at t = 0 andn be the unit vector pointing from the position of the pulsar at t = 0 to the solar system barycenter, so thatx 0 = −d 0n . We then have
For d 0 |∆x|, d can be expanded in powers of |∆x| /d 0 :
The successive terms in equation (11) have, respectively, constant, dipolar, and quadrupolar dependences on x.
Since the constant term contributes only to the absolute pulse phase, the TOA perturbations are given by
Using equations (6)-(9), this becomes
where terms involving products of the small quantities |r| /d 0 and |v| /c have been dropped. The remaining terms represent, respectively, the integrated Doppler shift of the pulsar's spin period; the Shklovskii correction to the period derivative (Shklovskii 1970) ; and the delay caused by the reflex motion of the pulsar. From this point forward, we will ignore the Doppler and Shklovskii terms, as the low-order polynomial effects they introduce are degenerate with the period and intrinsic spin-down rate of the pulsar, and focus only on the perturbation due to reflex motion:
The orientation of the interaction relative to the observer can be characterized by two angles (see Fig. 1 )the inclination, i, of the orbital plane with respect to the plane of the sky, and the argument of periapse, ω, the angle between the line of nodes and the line of apsides. A third angle, the longitude of the ascending node, Ω, gives the orientation of the line of apsides relative to a reference direction, and is necessary to fully specify the orientation of the orbit with respect to a fixed coordinate system. However, it does not affect the distance between the observer and any point on the orbit, so it is irrelevant to the size of the timing perturbations under consideration.
We use the convention that ω is measured in the direction of motion and is positive when the angle from the line of apsides to the line of nodes, in the direction of motion, is acute. Furthermore, i is positive when the periapse of the asteroid is closer to the observer than the center of mass. Subject to these conventions, the unit vector in the direction of the line of sight is given bŷ n = sin i sin ωx + sin i cos ωŷ + cos iẑ.
The TOA perturbation then becomes
Together with the relation between hyperbolic anomaly, H, and time, t, given by equation (5), this completely specifies the form of the timing perturbations produced by a close encounter. Dror et al. (2019) also arrived at an expression, analogous to equation (16), giving the expected timing signal resulting from a close encounter between a pulsar and a pointlike perturber. Our result differs in two key respects. First, while the Dror et al. result relies on the assumption that the orbit is highly unbound (e 1), equation (16) (16) with respect to t and expand to first order in the quantity
which is small when e 1. This gives
which is equivalent (up to an additive constant that is degenerate with the unperturbed velocity of the pulsar) to equation (8) in Dror et al. (2019) .
Timing signature
Over the course of an encounter between a pulsar and a perturbing object, the slope of the TOA delay changes from its initial value to a different, stable final value. This is because momentum has been transferred from the perturber to the pulsar, and so the projection of the pulsar's velocity onto the line of sight has changed. The long-term change in the pulsar's velocity is given by
which corresponds to a change in the slope of the delay
Notice that this can be either positive or negative, depending on the signs of i and ω. This permanent change in the velocity of the pulsar, and hence in the slope of the timing residuals, means that a long data set including an encounter will show a distinct change in apparent spin frequency. Fig. 2 shows the shape of the timing perturbations for several particular geometries: the antisymmetric ω = 0 and symmetric ω = π/2 cases, as well as the intermediate ω = π/4 case, for impact parameters of 1 au and 10 au. The signals are shown both before (upper panels) and after (lower panels) fitting and removing a quadratic model describing the period and period derivative of the pulsar (see Section 4 below). In the post-fit perturbation shown in the lower panels, the maximum amplitude of the signal is substantially smaller, and the change from one asymptotic slope to another is obscured. Nonetheless, the post-fit perturbation for a 10 −10 M perturber can be hundreds of nanoseconds, comparable to the signal expected from the gravitational wave stochastic background. Comparing the 1 au (right) and 10 au (left) cases shows that the difference between favorable and unfavorable geometries is more significant for close encounters than it is for glancing encounters.
Similar signals
The timing signal produced by a close encounter superficially resembles a glitch, an abrupt change in the period of a pulsar thought to be caused by an interaction between the crust and the superfluid interior. Glitches are mainly observed in canonical pulsars, with only two cases seen so far in millisecond pulsars (Cognard & Backer 2004; McKee et al. 2016) . Glitch signals differ from those produced by close encounters in that they may be accompanied by changes in period derivative, sometimes display exponential recovery to the previous state, and have a preferred direction, spinning up the pulsar rather than slowing it down in all but a few anomalous cases (termed "antiglitches"; Archibald et al. 2013) . Exponential recovery has not been identified in either of the observed millisecond pulsar glitches, but this is not surprising since the frequency of recovery has been shown to decrease as a pulsar's characteristic age increases (Lyne et al. 1995) . Nevertheless, this means it is possible that one or both of the millisecond pulsar glitches could be misidentified gravitational scattering events. Assuming reasonable values for the hyperbolic excess velocity (v = 100 km/s) and interaction timescale (t i = 30 days; see Section 4 below), the measured fractional changes in period of 9.5 × 10 −12 (Cognard & Backer 2004) The same kind of ramp-like signal, involving a persistent change in period, could also be produced by a gravitational wave burst with memory (BWM; Madison et al. 2017 ). An earth-term BWM is distinguishable from an earth-term gravitational scattering event in that the BWM produces quadrupolar correlations between pulsars, whereas the gravitational scattering event produces dipolar correlations. A pulsar-term BWM, however, is almost indistinguishable from a pulsar-term gravitational scattering event, except perhaps by its amplitude and time scale, and the detailed shape near the center of the event (when it is resolvable).
DETECTING PULSAR ENCOUNTERS
For the timing perturbation produced by an encounter between an ISO and a pulsar to be detectable, it must have an amplitude large enough to be distinguishable from noise. An important consideration here is that ISO encounter signals are always at least partially degenerate with terms involving the period and period derivative of the pulsar, and so it is appropriate to measure the amplitude only after those terms have been removed. The lower panels of Fig. 2 show the effect of removing the period and period derivative terms in a few sample cases, illustrating that this can reduce the signal amplitude significantly. Searching for an ISO encounter signal in a time series of TOA residuals involves fitting a model of the form
Here ∆τ i is the TOA residual at epoch i, a is the amplitude of the signal, x i is its shape (normalized to unit amplitude), and ε i is the noise. The least-squares estimate of the amplitude parameter iŝ
where Σ −1 ij is the inverse covariance matrix of the noise, and there is an implied sum over each pair of repeated indices. The corresponding uncertainty is
A signal is said to be detected if z =â/σ a exceeds a given threshold, z 0 , which may be set to obtain a particular false positive probability, using the fact that z follows a standard normal distribution when the true amplitude, a, is zero. A reasonable default is z 0 = 3, but for searches over a large number of test shapes, larger values of z 0 may be necessary. It follows that for a signal to be detectable, its amplitude should satisfy a z 0 σ a , or
where ∆τ i = ax i is the model TOA residual at epoch i. When the timing noise is uncorrelated, which holds for radiometer and jitter noise, but not for scintillation or spin noise, we have Σ −1 ij = σ −2 τ δ ij , where σ τ is the timing precision, so equation (24) reduces to the simpler form ∆τ rms
Here ∆τ rms = (∆τ i ∆τ i ) 1/2 is the RMS of the model TOA residuals, and N is the number of data points (epochs). This RMS TOA residual is plotted as a function of hyperbolic excess velocity, v, in Fig. 3, and as a function of the position of the event within the data set in Fig. 4. Fig. 5 shows the RMS TOA residual in the two-dimensional space of impact parameter, b, and hyperbolic excess velocity, v. An important consideration in determining the detectability of a given signal is the Fig. 4 . In the b = 1 au case, the interaction timescale is much shorter, so the bulk of the signal comes from the difference in the pulsar's lineof-sight velocity before and after the encounter. This means that for ω = 0, where the net transfer of momentum is perpendicular to the line of sight, the signal amplitude is much smaller.
fact that the fit for the period and period derivative of the pulsar will remove some power from the signal. For instance, interactions which take place entirely outside the data set result in a permanent velocity change, but this is degenerate with the initial velocity of the pulsar. As seen in Fig. 2 , the shape of the signal, and thus the extent to which it is degenerate with the period and period derivative terms, depends on how the interaction time scale, t i ∼ b/v, compares to the data set length, T . In the limit where t i T , the signal produced by an encounter reduces to an instantaneous change in slope. This means that the signal is primarily distinguished by a sharp cusp, and the fit for the pulsar's period and pe- riod derivative does not influence its detectability, which depends only on the radial component of the the momentum exchanged during the encounter. In the opposing limit, where t i T , the signal is well approximated by its Taylor series expansion, and so the RMS residual falls off much faster as the event signature becomes degenerate with terms involving the period and period derivative of the pulsar.
For interstellar objects occurring as a Poisson process with constant number density, n, the probability of finding k objects within a volume V is
Assuming the same velocity, v, for all objects, the volume containing objects that will pass the pulsar at an impact parameter less than b within the span of the data set is V 1 = πb 2 vT . A PTA with N psr pulsars then probes 
It follows that the probability that a total of k objects pass by the pulsars with impact parameter less than b within a time T is
The probability that the smallest impact parameter encountered in the data set is b 0 is then
The minimum impact parameter observed in a PTA data set will likely approximate the mean of this distribution, which is b 0 = 1 2 N psr nvT . Figure 6 . Detectability of interstellar populations of massive objects with a given number density and per-object mass in various PTA scenarios. For a population of objects to be detectable by a given PTA configuration, it should lie above the corresponding curve. The first case, with an observing baseline of 15 years and 75 pulsars and an RMS timing error of 500 ns, reflects capabilities similar to that of the current NANOGrav array. The remaining scenarios are increasingly optimistic future possibilities. In all cases, pulsars are assumed to be observed with a two-week cadence. The dashed gray line indicates populations with a total mass density equal to the local density of dark matter, approximately 0.010 M pc −3 .
by the event with the smallest impact parameter, and that the latter is given by equation (30).
DETECTING EARTH ENCOUNTERS
If an ISO passes through the solar system, it will alter the motion of the solar system barycenter in much the same way it would alter the motion of a pulsar if it passed near one. Sufficiently massive objects passing near the inner solar system, even if not directly observable, would be detectable via their influence on the orbits of the planets. For objects which are smaller or pass further from the Sun, however, this influence becomes harder to discern. One of the most sensitive ways to find these smaller or more distant objects is by using pulsar timing to measure the reflex motion of the solar system barycenter. Since the passage of such an object through the solar system perturbs the TOAs from every pulsar on the sky in a correlated way, it is possible to distinguish these flyby events from processes affecting only a single pulsar. With multiple pulsars, it is also possible to resolve signals of lower amplitude than would be de-tectable with a single pulsar, and to reconstruct the full geometry of the perturbing body's orbit.
Ignoring any perturbations to the ISO's orbit caused by planets, the expected TOA signal is still that described by equation (16), but the geometric interpretation is slightly different. To compare the signals observed in different pulsars, it is useful to write the TOA perturbation in terms of the ecliptic latitude, β, and longitude, λ, of the pulsar. This can be accomplished by replacingn in equation (14) with the unit vector from the solar system barycenter to the pulsar, expressed in ecliptic coordinates λ and β: n = sin β cos λû + sin β sin λv + cos βŵ.
Hereû is the unit vector in the direction of the vernal equinox,ŵ is the unit vector in the direction of the north ecliptic pole, andv satisfiesû ×v =ŵ. In terms ofû, v, andŵ, the unit vectorsx andŷ from section 3 can be written 
The TOA perturbation for a pulsar in a directionn is then
Notably, the signal has a dipolar dependence on the lineof-sight direction,n. This has a few important consequences, which are as follows: First, the signals from different pulsars differ only by a scale factor which depends in a predictable manner on the value ofn for each pulsar. This makes it possible to detect weaker signals than could be detected in a single pulsar by adding the signals from several pulsars coherently. Second, if the same event is detected in several pulsars, it should be possible to measure the orientation of the orbit completely, and thereby determine the direction the perturbing object came from. Finally, because earth-term gravitational wave signals have a quadrupolar dependence on the lineof-sight direction, this makes earth-term gravitational scattering signals distinguishable from earth-term gravitational wave bursts with memory (BWMs).
Recently, errors in the solar system ephemeris have been recognized as a significant obstacle in current PTA searches for gravitational waves (Arzoumanian et al. 2018b ). As a result, PTAs have developed techniques for marginalizing over uncertainties in the masses and trajectories of solar system bodies, and it has been recognized that PTA data sets can be used to make precision measurements of the position of the earth relative to the solar system barycenter. Such measurements were carried out by Caballero et al. (2018) , who used the first IPTA data release (Verbiest et al. 2016) to constrain the masses and orbits of all the major planets and the largest five main-belt asteroids. Caballero et al. also conducted a search for unmodeled objects in closed orbits around the solar system barycenter, finding no such objects larger than a few times 10 −10 M interior to the orbit of Jupiter, with a somewhat weaker limit at larger semi-major axis values. Since their search was restricted to closed orbits, however, it did not produce direct constraints on encounters of the sort considered here.
FREQUENCY OF ENCOUNTERS
The total number of asteroid-mass ISOs is currently not well understood. A weak upper bound on their number density can be derived from the assertion that such objects cannot have a total mass density exceeding the local mass density of dark matter, which is about 0.01 M pc −3 -recent estimates range from 0.008 M pc −3 (Eilers et al. 2019) to 0.016 M pc −3 (Buch et al. 2019) . This shows that the number density of ISOs in the solar neighborhood with masses greater than 10 −10 M (which is approximately 20% of the mass of Ceres) cannot exceed approximately 1.1 × 10 −8 au −3 .
The current best constraints on the abundance of these objects come from two directions. First, microlensing surveys, particularly the Subaru/HSC Andromeda survey (Niikura et al. 2019) , have placed upper bounds on the frequency of large objects. Second, the detections of 'Oumuamua by the Pan-STARRS1 survey (Meech et al. 2017 ) and C/2019 Q4 (Guzik et al. 2019) show that objects around 1 km in diameter are relatively common. These detections, along with the nondetection of other similar objects by solar system surveys, can be used to constrain the number density of asteroid-and comet-like bodies in interstellar space (Engelhardt et al. 2017; Do et al. 2018) . Niikura et al. (2019) report on a microlensing survey of 10 8 stars in the Andromeda galaxy, conducted using the Hyper Suprime Cam (HSC) on the 8.2-meter Subaru telescope. The survey, which focused on constraining the abundance of PBHs, produced a single candidate microlensing event. They place an upper bound of approximately 2 × 10 −3 on the fraction of dark matter in the galactic halo which consists of 10 −10 M objects. This corresponds to a number density upper bound of about 2.2 × 10 −11 au −3 . On the solar system side, Engelhardt et al. (2017) , writing before the discovery of 'Oumuamua, find the largest number densities of asteroid-and comet-like compatible with non-detections by the Pan-STARRS1 (Chambers et al. 2016) and Catalina Sky Surveys (Christensen et al. 2012) . For objects more than 1 km in diameter, their limits are 1.4 × 10 −4 au −3 for comet-like ISOs, and 2.4 × 10 −2 au −3 for asteroid-like ISOs. Incorporating 'Oumuamua, Do et al. (2018) find a number density of 0.2 au −3 for objects at least 100 m in diameter. This can be extrapolated to objects of larger radii by assuming a power-law distribution of masses, in which the number density of objects with radii between r and r + dr is given by
Dohnanyi (1969) made a theoretical argument for taking α = 2.5 for material in collisional equilibrium in protoplanetary disks, and this appears to be broadly representative of small-body populations in the solar system (Jedicke et al. 2002) . Attempts have also been made to determine the exponent α for interstellar objects empirically, based on direct measurements of interstellar dust by the Ulysses and Galileo spacecraft (Landgraf et al. 2000) , and optical and radar detections of meteors identified as interstellar (Taylor et al. 1996; Baggaley 2000; Meisel et al. 2002; Weryk & Brown 2004; Hajduková 2008 Hajduková , 2011 Siraj & Loeb 2019a) . On the basis of the Ulysses and Galileo data alone, Landgraf et al. (2000) estimated α = 3.3. Most recently, Siraj & Loeb (2019b) arrived at α = 3.41 ± 0.17 in an analysis incorporating 'Oumuamua and the bolide meteor CNEOS 2014-01-08 (Siraj & Loeb 2019a) , which is unique among meteors identified as interstellar because of its relatively large size, estimated at 0.45 m.
Caution is necessary in applying these results to the present context, both because the power-law distribution is being extrapolated well beyond the range of sizes for which it was derived, and because the velocity measurements required to establish a meteor as interstellar in origin are challenging. Hajduk (2001) gives a critique of the velocity measurement techniques used to establish the interstellar origin of radar meteors in the AMOR dataset (Taylor et al. 1996; Baggaley 2000) . Additionally, the velocity measurement used to establish the interstellar character of CNEOS 2014-01-08 relies on United States government sensors whose performance characteristics are not made public (Zuluaga 2019; Devillepoix et al. 2019) . Nevertheless, there is currently no better way to estimate the number density of asteroidlike ISOs.
Using the Dohnanyi (1969) scaling, the Do et al. (2018) result becomes 6.3 × 10 −4 au −3 for objects larger than 1 km and 7.2 × 10 −11 au −3 for objects more than 600 km in diameter, which for a density of 2.0 g/cm 3 corresponds to a mass of about 10 −10 M . Using the empirical scaling law from (Siraj & Loeb 2019b) gives considerably smaller estimates of 7.8 × 10 −5 au −3 for objects larger than 1 km and 2.6 × 10 −14 au −3 for objects larger than 600 km.
All of these results are estimates for the density of asteroid-mass objects in the Galaxy as a whole; it is entirely possible that local overdensities of these objects may exist, for instance in globular clusters. The density of stars near the center of a globular cluster can be hundreds to thousands of times greater than it is in the solar neighborhood. If planetesimal-mass objects were similarly over-represented in globular clusters, it would be significantly more likely for one to interact closely with a pulsar than the previous estimates would suggest. Additionally, it is possible that populations of distant, gravitationally bound asteroids exist around at least some pulsars. Stellar flybys of the pulsar could put some of these objects on marginally unbound orbits that pass very close to the central pulsar. Such an event would be comparatively easy to detect.
SUMMARY AND CONCLUSIONS
This paper describes the shape of the pulsar timing signal that would be produced by an interstellar asteroid or other massive object in the course of flying by a pulsar or the solar system, and evaluates the likelihood of detecting such a signal in current or future PTA data sets. We find that the signal produced by a scattering event of this form would be ramp-like, since the interaction would cause a persistent change to the velocity of the pulsar relative to the solar system barycenter that would create a corresponding persistent change in the slope of the timing residuals. This is similar to the shape of the signal produced by a pulsar glitch or a gravitational wave burst with memory. The persistent nature of the signal allows SNR to build up over the course of an observing span which is long compared to the duration of the interaction.
Interactions in which a 10 −10 M ISO passes within a few au of a pulsar or the solar system barycenter should be strong enough to be detectable with current PTAs, although estimates of the interstellar number density of objects of this mass suggest that such interactions should be rare. No such encounters have yet been detected unambiguously. It is possible, although unlikely, that one or both of the known millisecond pulsar glitches may be misidentified encounters with ISOs.
